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1. INTRODUCTION
In 1962, Sendov conjectured that if a polynomial with complex coeffi-
.cients has all its roots in the unit disk, then within one unit of each of its
roots lies a root of its derivative. More than 40 papers have been published
 w x .on this conjecture see 1]3 for references , but it has been verified in
w xgeneral only for polynomials of degree at most 7 1 .
Let n be an integer greater than 1 and let b be a complex number of
 .modulus at most 1. Define S n, b to be the set of polynomials of degree n
with complex coefficients, all roots in the unit disk, and at least one root at
< <b. For a polynomial P, define P to be the distance between b and theb
closest root of the derivative P9. In this notation, Sendov's conjecture
 . < <  .claims that if P g S n, b then P F 1. Define P g S n, b to beb
 . < < < <maximal if for every Q g S n, b we have P G Q . Maximal polynomi-b b
< <als exist by compactness, since P is ultimately a continuous function ofb
the roots of P. Clearly, one need only consider maximal polynomials when
investigating Sendov's conjecture.
 .During such an investigation, we may assume by rotation that 0 F b F
1. Given the symmetry of the problem, it is then natural to conjecture that
w xmaximal polynomials must be real 4, Conjecture 2.5 . If this were so, then
it would suffice to prove Sendov's conjecture for real polynomials. Unfor-
tunately, this conjecture is false, as we will demonstrate by proving the
following two theorems.
 .THEOREM 1. For all real polynomials P g S 6, b ,
2 3< <P F 1 y 11r30 1 y b q 1r30 1 y b q O 1 y b . .  .  .  .  .b
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 .THEOREM 2. There are polynomials P g S 6, b with
2 3< <P s 1 y 11r30 1 y b q 49r900 1 y b q O 1 y b . .  .  .  .  .b
Since 49r900 ) 1r30, these theorems imply that for b sufficiently close
 .to 1, maximal polynomials in S 6, b must be nonreal.
2. ESTIMATING THE COEFFICIENTS OF P9
w xFor real numbers a and b, define C a, b to be the circle in the complex
plane whose diameter has endpoints a and b. We can find the intersection
of two such circles using
w x w xLEMMA 3. If a F c F b F d then either the circles C a, b and C c, d
coincide, or they intersect at
ab y cd
x s .
a q b y c q d .  .
Proof. If a F c F b F d then these circles clearly intersect. At an
 . 2  . 2 2intersection point x, y , we have x y b q a x q y s yab and x y
 . 2d q c x q y s ycd, and the result follows.
< <We will be estimating P using the coefficients of P9. A first approxi-b
mation to these coefficients is given by
 .PROPOSITION 4. Suppose that P g S n q 1, b with P9 monic and
< <  .  . n ny1P G b. Let P9 z s  z y z s z q a z q ??? qa . Thenb j ny1 0
 . w x  . w x  .1r21 each R z s O 1 y b and each T z s O 1 y b ,j j
 .  .k r22 each a s O 1 y b andnyk
kr2O 1 y b for k e¨en .
 . w x3 each R a snyk  .kq1 r2 O 1 y b for k odd. .
 .  .  . < <Proof. Write P z s z y b Q z . The hypothesis P G b impliesb
that as b approaches 1 the roots of P9 are bounded away from 1, and
therefore that the roots of Q are bounded away from 1. Thus there is a
 .number D - 1 depending only on n such that for b sufficiently close to
1, all roots of Q have real parts less than D. Choose d ) 1 sufficiently
 .  .large so that D - d y 1 r d q 1 . Then for b sufficiently close to 1, all
 .  .roots of Q have real parts less than db y 1 r d q 1 . By Lemma 3, the
w  . x w xcircle C db y 1 q d , b intersects the unit circle C y1, 1 at
db 2 y 1 q d b q 1 db y 1 .
x s s ,
db y 1 q d q b d q 1 .
w  . xso the interior of C db y 1 q d , b contains all roots of Q.
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w xWe extend a proof due to Rubinstein 5, Theorem 1 as follows. Note
 .  .  .  .that P9 b s Q b and P0 b s 2Q9 b , so
P0 b rP9 b s 2Q9 b rQ b . .  .  .  .
w  . xSince each root z of Q lies inside the circle C db y 1 q d , b , thenk
 .   . ..each 1r b y z has a real part greater than 1r 2 q d y 1 1 y b , andk
so
1 n
R Q9 b rQ b s R G . .  . 
b y z 2 q d y 1 1 y b .  .k
< < w xSince P G b , each root z of P9 lies outside of C 0, 2b , so eachb j
 . w x w  .x1r b y z lies inside C y1rb , 1rb , so each R 1r b y z F 1rb. Thusj j
if we single out a specific z we get thatj
1 1 n y 1
R P0 b rP9 b s R F R q . .  . 
b y z b y z bi j
Combining these results, we get
1 n y 1 2n
R q G ,
b y z b 2 q d y 1 1 y b .  .j
and so
1
R
b y zj
2n n y 1
G y
2 q d y 1 1 y b b . .
2nb y 2 n y 1 y n y 1 d y 1 1 y b y 2b y d y 1 1 y b b .  . . .  . .
s 1 q
2b q d y 1 1 y b b . .
s 1 q O 1 y b . .
w  . xThis implies that each z lies inside a circle C O 1 y b , b in addition toj
w xlying outside the circle C 0, 2b . By Lemma 3, these two circles intersect
1r2 .  .’when x s O 1 y b , and so y s " x 2b y x s O 1 y b . Thus .
w x  . w x  .1r2each R z s O 1 y b and each T z s O 1 y b , so each z sj j j
 .1r2O 1 y b .
 .Since the coefficients of P9 are plus or minus the elementary symmet-
ric functions of the roots of P9, each term in a is a product of k of thenyk
 .k r2 w x  .k r2z 's so a s O 1 y b and thus R a s O 1 y b . For k odd,j nyk nyk
w x w x w xall terms of R a are products of k of the R z 's and T z 's with atnyk j j
w x w x  .kq1.r2least one R z , and so R a s O 1 y b . This completes thej nyk
proof of Proposition 4.
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3. ESTIMATING THE MODULI OF THE ROOTS OF P
In the estimations to follow, our computations will be simplified by use
of
 .LEMMA 5. Suppose that f b is bounded away from 0 as b approaches 1.
 . n  .  .kIf x s x b is a particular solution to x s f b q O 1 y b , then e¨ery0
 .  .ksolution is of the form x s v x b q O 1 y b , where v is an nth root of0
1.
n  .  .kProof. Let v , . . . , v be the nth roots of 1. If x s f b q O 1 y b1 n
  .. n   ..n  .k  .then we have  x y v x b s x y x b s O 1 y b . Since f bi i 0 0
 .is bounded away from 0, then so is x b , hence so is the difference of any0
two terms of the product. Thus all terms of the product but one are
bounded away from 0. For the remaining term we must have x y
 .  .kv x b s O 1 y b , and the conclusion follows.i 0
 .To prove that our polynomials stay in S 6, b we will show that the
moduli of the roots remain less than 1. We approximate these moduli via
 . 5PROPOSITION 6. Suppose that P is a polynomial with P9 z s z q
4  .a z q ??? qa and P b s 0. Let 1 F a F 2 and suppose that a s4 0 4
 . .  .a  . .  .a5r2 1 y b q O 1 y b , a s 2r3 1 y b q O 1 y b , a s3 2
 .a  .a  .aq1O 1 y b , a s O 1 y b , and a s O 1 y b . Let v be a sixth root1 0
 5 .  4 .  3 .of 1, let R s a v y 1 r5 q a v y 1 r4 q a v y 1 r3 q4 3 2
 2 .a v y 1 r2, and let z be the root of P closest to v. Then there is a constant1
l such that
2 aq1< < w xz s 1 y 1 y b y R R q l 1 y b q O 1 y b . .  .  .
Furthermore,
 .  .  .1 if v s y1 then R s y2r5 a y 2r3 a and l s y2r3,4 2
’ ’ .  . .  . .2 if v s 1r2 y1 " i 3 then R s y1r10 3 " i 3 a q4’ ’ . .  . .1r8 y3 " i 3 a y 1r4 3 " i 3 a and l s y7r8, and3 1
’ ’ .  . .  . .3 if v s 1r2 1 " i 3 then R s y1r10 1 " i 3 a y4
a’ . .  .1r8 3 " i 3 a q O 1 y b .3
 5 5.  4 4.  .Proof. Let Q s a z y b r5 q a z y b r4 q ??? qa z y b .4 3 0
 . z  .  6 6.Since z is a root of P we have 0 s P z s H P9 t dt s z y b r6 q Q,b
6 6  .so z s b y 6Q. Now by hypothesis a G 1, so each a s O 1 y b , sok
 . k w  .xk  .Q s O 1 y b . In addition, each b s 1 y 1 y b s 1 q O 1 y b , so
6 6  .  .z s b y 6Q s 1 q O 1 y b . By Lemma 5 we have z s v q O 1 y b ,
 k k .  k .  .so z y b rk s v y 1 rk q O 1 y b .
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 . 5 4 . kLet h s y1r6 3v q v q 2 and note that each b s 1 y
 .  .2k 1 y b q O 1 y b . Since a F 2, then
Q s 5r2 1 y b v 5 y 1 r5 q 2r3 1 y b v 4 y 1 r4 .  .  .  .  .  .
aq O 1 y b .
as y 1 q h 1 y b q O 1 y b , .  .  .
6 6  .  .aso z s b y 6Q s 1 q 6h 1 y b q O 1 y b . By Lemma 5 we have
w  .x  .az s v 1 q h 1 y b q O 1 y b , so
ak k k kz y b rk s v y 1 rk q v h q 1 1 y b q O 1 y b . .  .  . .  .
 . 5 4 2 . 6  .Let k s y1r6 15v h q 4v h q 15h q 4 . Now b s 1 y 6 1 y b q
 .2  .315 1 y b q O 1 y b and
5 5Q s a v y 1 r5 q v h q 1 1 y b .  . .4
4 4q a v y 1 r4 q v h q 1 1 y b .  . .3
aq13 2q a v y 1 r3 q a v y 1 r2 q O 1 y b .  .  .2 1
2 aq15 4s R q 5r2 v h q 1 q 2r3 v h q 1 1 y b q O 1 y b .  .  .  . .  .
2 aq12s R q 1r6 15 y 6k y 15h 1 y b q O 1 y b , .  .  . .
6 6  .  2 . .2so z s b y 6Q s 1 y 6 1 y b y 6R q 6k q 15h 1 y b q
 .aq1  .2  . . O 1 y b . Note that R s Q q O 1 y b s y 1 q h 1 y b q O 1
.a  .  .ay b so 1 y b q R s yh 1 y b q O 1 y b and so by Lemma 5 we
have
2 aq1z s v 1 y 1 y b q R q k 1 y b q O 1 y b . .  .  .
22w x  . w x. < <Let l s R k q 1r2 T h . Then we have z s zz s 1 y
w x w w x < < 2 x .2  .aq12 R 1 y b q R q 2 R k q h 1 y b q O 1 y b and so
< < w x  .2  .aq1z s 1 y R 1 y b q R q l 1 y b q O 1 y b .
For v s y1 we have h s 0, k s y2r3, and l s y2r3. For v s
’ ’ . . w x1r2 y1 " i 3 we have h s"i 3 r6, R k s y11r12, and l s y7r8.
The values for R are easily calculated from its definition.
4. PROOF OF THEOREM 1
< <  . .If P - b then since b F 1 y 11r30 1 y b the theorem is clearlyb
< <true, so we may assume without loss of generality that P G b. Assumeb
also without loss of generality that P9 is monic and write
P9 z s z y z s z 5 q a z 4 q ??? qa . .  . i 4 0
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Since the coefficients of P9 are all real, we know by Proposition 4 that
 .  .  .2  .2a s O 1 y b , a s O 1 y b , a s O 1 y b , a s O 1 y b , and4 3 2 1
 .3a s O 1 y b .0
Applying Proposition 6 with a s 1 to the case v s y1, we have
w x  .  .2 < <  .  .  .2R R sy 2r5 a q O 1yb so 1 G z s1y 1yb q 2r5 a qO 1yb4 4
and so
22r5 a F 1 y b q O 1 y b . 4.1 .  .  .  .4
’ . .Similarly, for the case v s 1r2 y1 q i 3 we have
23r10 a q 3r8 a F 1 y b q O 1 y b . 4.2 .  .  .  .  .4 3
 .  .Adding 1r2 times inequality 4.1 to 8r3 times inequality 4.2 yields the
 . .  .2inequality a q a F 19r6 1 y b q O 1 y b . Then for b sufficiently4 3
close to 1 we have
55< <P s min b y z F b y z s P9 b .b  /i i
i
s b 5 q a b 4 q ??? qa4 0
2s 1 y 5 1 y b q a q a q O 1 y b .  .4 3
2F 1 y 11r6 1 y b q O 1 y b .  .  .
< <  . .  .2so P F 1 y 11r30 1 y b q O 1 y b .b
< <  . .If P F 1 y 11r30 1 y b then the theorem is clearly true. We mayb
assume then that
2< <P s 1 y 11r30 1 y b q O 1 y b . 4.3 .  .  .  .b
 . .  .2For this to be true, we must have a q a s 19r6 1 y b q O 1 y b ,4 3
 .  .so the inequalities 4.1 and 4.2 must be equalities, which implies that
 . .  .2  . .  .2a s 5r2 1 y b q O 1 y b and a s 2r3 1 y b q O 1 y b .4 3
Applying Proposition 6 with a s 2 to the case v s y1, we have
< <  .  .  .  . .2  .31 G z s 1 y 1 yb q 2r5 a q 2r3 a y 2r3 1 yb q O 1 yb4 2
and so
2 32r5 a q 2r3 a F 1 y b q 2r3 1 y b q O 1 y b . 4.4 .  .  .  .  .  .  .4 2
’ . .Similarly, for the case v s 1r2 y1 q i 3 , we have
23r10 a q 3r8 a q 3r4 a F 1 y b q 7r8 1 y b .  .  .  .  .  .4 3 1
3q O 1 y b . 4.5 .  .
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 . < < < < 5  .2Our assumption 4.3 implies that  b y z s P q O 1 y b .bj
< < < < < < < <  .2Since each b y z G P , then each b y z s P q O 1 y b sb bj j
 . .  .21 y 11r30 1 y b q O 1 y b . Let z s x q iy and recall that byj j j
 .  .1r2Proposition 4 we have x s O 1 y b and y s O 1 y b . Thenj j
2 2 22b y x q y s b y z s 1 y 11r15 1 y b q O 1 y b , .  .  . .j j j
 . 2  . .  .2so x y 1r2 y s y19r30 1 y b q O 1 y b .j j
 .Define S to be the set of all triples i, j, k of distinct integers from
w x  .21 to 5 with j - k. Then a s  R z z s y y y q O 1 y b and3 i j i j
w x  .3a s y R z z z s  x y y q O 1 y b . Since for real polynomials2 i j k S i j k
we have 0 s  y  y y y s  y2 y y q 4  y y y y , we get a si j k l S i j k i j k l 1
w x  .3  . 2  .3 R z z z z s y y y y q O 1 y b s y1r4  y y y q O 1 y b .i j k l i j k l S i j k
w  . 2 x  .3  . .Then a q 2 a s  x y 1r2 y y y q O 1 yb s y19r30 1 yb2 1 S i i j k
 .3  . .  .3 y y q O 1 y b s 19r10 1 y b a q O 1 y b soS j k 3
2 3a q 2 a s 19r15 1 y b q O 1 y b . 4.6 .  .  .  .2 1
Finally, since P9 has at least one real root, then four of the five terms of
 .3the summation a s  y y y y q O 1 y b are zero. Since the remain-1 i j k l
ing roots of P9 are either real or occur in conjugate pairs, the fifth term is
nonnegative, so
3ya F O 1 y b . 4.7 .  .1
 .  .Adding 1r2 times inequality 4.4 , 8r3 times inequality 4.5 , 2r3 times
 .  .equality 4.6 , and 7r3 times inequality 4.7 gives us a q a q a q a F4 3 2 1
 . .  . .2  .319r6 1 y b q 158r45 1 y b q O 1 y b , so
< < 5 5 4P F b q a b q ??? qab 4 0
2s 1 y 5 1 y b q 10 1 y b q a 1 y 4 1 y b .  .  .4
3q a 1 y 3 1 y b q a q a q O 1 y b .  .3 2 1
2 3s 1 y 5 1 y b y 2 1 y b q a q a q a q a q O 1 y b .  .  .4 3 2 1
2 3F 1 y 11r6 1 y b q 68r45 1 y b q O 1 y b , .  .  .  .  .
< <  . .  . .2  .3so P F 1 y 11r30 1 y b q 1r30 1 y b q O 1 y b . This com-b
pletes the proof of Theorem 1.
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5. PROOF OF THEOREM 2
We begin the proof of Theorem 2 by letting
1r2 2’u s 1r120 8 i 15 1 y b y 72 1 y b y 5 1 y b .  .  .  .
and
1r2’¨ s 1r120 y32 i 15 1 y b y 12 1 y b .  .  .
3r2 2’y20 i 15 1 y b q 114 1 y b . .  .
 .  .4 .  . z  .Let P9 z s z y u z y ¨ and let P z s H P9 t dt. Thenb
222< <u y b s y1 q 2r5 1 y b y 1r24 1 y b .  .  .  .
21r2’q 15 r15 1 y b . .
2 3s 1 y 11r15 1 y b q 73r300 1 y b q O 1 y b .  .  .  .  .
and
222< <¨ y b s y1 q 9r10 1 y b q 19r20 1 y b .  .  .  .
21r2 3r2’ ’q y4 15 r15 1 y b y 15 r6 1 y b .  . .  .
2 3s 1 y 11r15 1 y b q 73r300 1 y b q O 1 y b .  .  .  .  .
so
< < < < < < 4P s min u y b , ¨ y bb
2 3s 1 y 11r30 1 y b q 49r900 1 y b q O 1 y b . .  .  .  .  .
 .  .Clearly P is of degree 6 and P b s 0. Thus to verify that P g S 6, b
we need only show that all the roots of P remain in the closed unit disk.
 . 5 4  .Writing P9 z s z q a z q ??? qa , a straightforward but tedious4 0
computation establishes that
a s y 4u q ¨ .4
3r2 2’s 1r60 150 1 y b q 10 i 15 1 y b y 47 1 y b , .  .  .  .
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a s u 6u q 4¨ .3
3r2 2’s 1r15 10 1 y b q 2 i 15 1 y b q 46 1 y b .  .  .  .
5r2q O 1 y b , .
a s yu2 4u q 6¨ .2
3r2 2 5r2’s 1r45 y4 i 15 1 y b q 63 1 y b q O 1 y b , .  .  .  .
2 5r23a s u u q 4¨ s y1r15 1 y b q O 1 y b .  .  .  .1
and
5r24a s yu ¨ s O 1 y b . .0
Applying Proposition 6 with a s 3r2 to the case v s y1, we have that
w x  . w x  . w x  .  . .2R R s y 2r5 R a y 2r3 R a s y 1 y b y 31r50 1 y b q4 2
 .5r2 < <  . .2  .5r2O 1 y b , and so z s 1 y 7r150 1 y b q O 1 y b . Similarly,
’ . . w x  .for the case v s 1r2 y1 " i 3 we have R R s y 1 y b y
 . .2  .5r2 < <  . .2173r200 1 y b q O 1 y b so z s 1 y 1r100 1 y b q
5r2 ’ .  . . w xO 1 y b . Finally, for the case v s 1r2 1 " i 3 , we have R R s
 . .  .3r2 < <  . .  .3r2y1r2 1 y b q O 1 y b so z s 1 y 1r2 1 y b q O 1 y b .
< <In all three cases, z - 1 for b sufficiently close to 1. Thus all roots of P
 .remain in the unit disk, so P g S 6, b . This completes the proof of
Theorem 2.
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